We consider the conjecture by Aichholzer, Aurenhammer, Hurtado, and Krasser that any two points sets with the same cardinality and the same size convex hull can be triangulated in the "same" way, more precisely via compatible triangulations. We show counterexamples to various strengthened versions of this conjecture.
Introduction
Let P and Q be two point sets, each with n points, and with h points on their convex hulls. Triangulations T P of P and T Q of Q are compatible if there is a bijection φ from P to Q such that abc is a clockwise-ordered triangle of T P if and only if φ(a)φ(b)φ(c) is a clockwise-ordered triangle of T Q .
A main application of compatible triangulations is the problem of morphing. If we have compatible triangulations of two point sets in the plane then the area bounded by the convex hull of the first set can be morphed to the area bounded by the convex hull of the second set. In the case of very similar point sets, a linear motion of each triangle will work. For the general case, there are more sophisticated planarity-preserving morphs [6, 2] .
In 2003 Aichholzer, Aurenhammer, Hurtado, and Krasser [1] conjectured that compatible triangulations always exist: Conjecture 1. If P and Q are point sets in general position (i.e. with no 3 points collinear) with the same cardinality and the same size convex hull then they have compatible triangulations.
We prove that several strengthened forms of the conjecture are false.
Definitions and Preliminaries
A triangulation of a finite set of points, P , in the plane is a maximal set of segments pq, p, q ∈ P such that no two segments ab and cd cross, i.e. intersect in a point that is not a common endpoint of the segments. We assume that the points P do not all lie on one line. Then a triangulation is a planar graph whose interior faces are all triangles [5] .
From the definition we immediately get:
Claim 1. Consider a set of points P . If a, b ∈ P have the property that the interior of segment ab is not intersected by any other segment pq with p, q ∈ P , then ab must be part of any triangulation of P .
This claim implies that the convex hull segments are part of any triangulation. We can also use the claim to show that certain other segments must be in any triangulation: Claim 2. Let p be a point of the convex hull of point set P . Suppose that when we remove p from the point set, the interior points q 1 , . . . , q t become convex hull vertices. Then the segments pq i , i = 1 . . . t must be part of any triangulation of P .
Proof. Each segment pq i satisfies the condition for Claim 1.
Collinear Points
Aichholzer et al.
[1] gave a counterexample to show that Conjecture 1 fails if there are collinear points. Their example has n = 7 and is shown in Figure 1 . In this section we give a smaller counterexample with n = 6. We also give an alternate counterexample with n = 7. Furthermore, we show that there is no counterexample with n ≤ 5 points. Let P and Q be the left and right point sets of Figure 2 , respectively. We claim that a compatible triangulation between P and Q does not exist. To do this, first we will prove that the triangulations T P , T Q 1 and T Q 2 as shown in Figure 3 are the only triangulations for their point sets. Then, we will show that T P is compatible with neither T Q 1 nor T Q 2 .
First consider point set P . Observe that every edge of triangulation T P is forced by Claim 1. Now consider point set Q. Two edges from each point on the convex hull to a, b and c are forced by Claim 2. If we add an additional edge from a convex hull point to an interior point we get triangulation T Q 2 , and its rotationally symmetric copies. If we do not add any additional edges from convex hull points then triangulation T Q 1 is the unique possibility.
To show that P and Q are not compatible, we look at the degrees of the hull points of their triangulations. T P 's hull points have degrees of 3, 5, and 5. T Q 1 's have degrees 4, 4, and 4, and T Q 2 's have degrees 4, 4, and 5. Therefore, the triangulation T P is compatible with neither T Q 1 nor T Q 2 . Since these are the only triangulations, we can conclude that no triangulation exists between the point sets P and Q.
We give another counterexample with n = 7 in Figure 4 .
Compatible triangulations of small point sets with collinearities
In this subsection we prove that the above counterexample with n = 6 is the smallest possible. In other words, we prove that any point sets with n ≤ 5 points have compatible triangulations even in the presence of collinear points. We do this by proving the stronger result that any point sets with at most 2 internal points have compatible triangulations, even in the presence of collinearities. This implies that any point x Figure 4 : Another counterexample to Conjecture 1 for the case of collinear points. Observe that the left hand triangulation is unique and point x has degree 6, but no point on the right can have degree 6 in any triangulation. sets with n ≤ 5 points have compatible triangulations because the convex hull has at least 3 points, leaving at most 2 internal points. Theorem 1. If two points sets of size n (possibly with collinear points) have 1 or 2 internal points, then they have a compatible triangulation.
[1] proved this for point sets with no collinearities. We give a proof that handles collinearities. In fact they proved the stronger result that there is a compatible triangulation even when the convex hull mapping is forced, i.e. when one point of the convex hull of the first point set is mapped to one point of the convex hull of the second point set. However, that stronger result is no longer true in the presence of collinearities as shown in Figure 5 . Proof of Theorem 1. For one internal point, construct compatible triangulations by adding edges from the internal point to all points on the convex hull. Now consider two points sets P and Q that each have two internal points. Following the proof of Aichholzer et al.
[1] we will construct a line P through the two internal points of P and a line Q through the internal points of Q, and argue that we can map two points a P and b P of P that lie on opposite sides of P , to two points a Q and b Q of Q that lie on opposite sides of Q . Then we construct compatible triangulations as shown in Figure 6 .
If P has a convex hull point c P on the line P (i.e. collinear with the two internal points) and Q also has a convex hull point c Q on the line Q then we map these points to each other, let a P and b P be the two neighbours of c P on the convex hull of P , and let a Q and b Q be the two neighbours (in the same clockwise order) of c Q on the convex hull of Q. Observe that a P and b P lie on strictly a b Figure 6 : When a and b are on opposite sides of the line through the two internal points, we triangulate by joining a and b to the two internal points, then joining every other convex hull point to the unique internal point it sees.
opposite sides of P and similarly, a Q and b Q lies on strictly opposite sides of Q in Q. Thus we have found the points we need in this case.
In the remaining situations, one of P or Q has no convex hull points on the line through its interior points. Suppose without loss of generality that P has this property. Orient the lines P and Q vertically. Since the convex hull of P has at least 3 points, and none of them lie on P , one side of P must have at least 2 convex hull points. Suppose this is the right-hand side. Let q be the bottom point where Q intersects the convex hull of Q. Note that q may or may not be a point of Q. See Figure 7 .
Starting from q and considering the clockwise-ordered convex hull of Q, let a Q be the first point of Q strictly after q, and let b Q be the last point of Q strictly before q. If q is not in Q then a Q and b Q are adjacent on the convex hull, and otherwise, they are separated by one convex hull point. Now consider P . Let p be the bottom point where P intersects the convex hull of P . Note that p is not in P . Let a P be the first point of P after p in the clockwise-ordered convex hull. If q a and q b are adjacent on the convex hull of Q, let b P be the last point of P before p in the clockwise-ordered convex hull (Figure 7(c), (d) ), and otherwise, let b P be the second last point ( (Figure 7(a), (b) ). Because P has at least 2 convex hull points to the left of P , b P is to the left of P . Thus we have found the points we need.
Specifying part of the mapping
Any compatible triangulations must map convex hull points to convex hull points, and in the same clockwise order. There is still one free choice-point p on the convex hull of point set P can be mapped to any point of the convex hull of Q. Aichholzer, et al. make the stronger conjecture that compatible triangulations exist even when the mapping of p to a point of the convex hull of Q is fixed.
We examined what happens when the mapping is specified for more points. Our example in Figure 8 shows that the conjecture fails if we specify the mapping of the convex hull and of one internal point.
Figure 7: Finding the compatible pair a P and a Q .
Specifying some of the edges
The convex hull edges must be present in any triangulation of a point set, i.e. they are "forced". We examined what happens when we specify other edges that must be present in the triangulation. Note that two simple polygons on n points do not always have compatible triangulations [3] , so if we specify n edges that must be in the triangulation then there may be no compatible triangluation.
Our example in Figure 9 shows that even specifying one non-convex hull edge that must be included in the triangulation leads to a counterexample. Observe that for the point set on the left, every convex hull point is forced to have edges to two internal points by Claim 2. However, the required edge on the right prevents the left-hand convex hull point from having edges to two internal points.
Steiner points when the mapping is specified
Another direction of research on compatible trianglations is to allow the addition of extra points, called Steiner points.
Although a proof of Conjecture 1 would imply that two point sets have compatible triangulations with no Steiner points, there has been some partial progress on bounding the number of Steiner points needed. Danciger, et al. [4] showed that two Steiner points suffice if they may be placed far outside the convex hull of the points. Aichholzer, et al. [1] showed that a linear number of Steiner points inside the convex hull always suffice. This is in contrast to the case of two polygons where a quadratic number of Steiner points always suffice and are sometimes necessary [3] . In this section we explore the situation, which arises in some applications, where the mapping of the points is given as part of the input. In this case, compatible triangulations might not exist, as shown in Figure 8 . In order to get compatible triangulations we must add Steiner points.
In Figure 10 we give an example of two mapped point sets with 6 points each, where compatible triangulations require the addition of two Steiner points. A solution with two Steiner points is shown in Figure 11 , and we argue below that one Steiner point is not sufficient.
It would be interesting to find a polynomial time algorithm to test if two mapped point sets have compatible triangulations with no Steiner points, or to show that the problem is NP-complete. Proof. Note that in compatible triangulations, each point must have the same neighbours in clockwise order. Using this property, we can show that one Steiner point is not enough to compatibly triangulate the two point sets with the given mapping.
Claim 2 forces edges (3, 6), (2, 5) in P and edges (2, 6) , (3, 5) in Q. Observe that edges (3, 5) and (2, 6) cross in P and edges (3, 6) and (2, 5) cross in Q. To obtain compatible triangulations of the point sets with a single Steiner point a, we must place a so that it eliminates the crossing edges. Hence a must be placed such that it breaks one of (3, 5) and (2, 6 ) and one of (3, 6) and (2, 5) . First consider placing a so that it breaks edge (3, 6) in P and edge (3, 5) in Q as shown in Figure 12 . Note that in P , a must be placed to the left of the line through 1 and 6, and below the line through 2 and 6. Point a is restricted to the analogous region in Q. In P , by Claim 2, we must have the edge (2, 5) . Similarly, in Q we must have the edge (2, 6) . Thus these edges must be in both triangulations. However, the cyclic order of the two edges around point 2 is different in P than in Q. Thus there can be no compatible triangulation of the point sets with the given mapping in this case. We use a similar argument for the case when a breaks edges (2, 5) and (2, 6) .
Next consider placing a so that it breaks edge (3, 6) in P and edge (2, 6) in Q. Claim 2 forces edges (a, 3) and (a, 6) in P . To break edge (2, 6) in Q, a must be placed below the line through (3, 6) , hence a comes before point 5 in the clockwise ordering of neighbours of 3 in Q. To obtain the same ordering in P , we need a below the line (3, 5) , but then edge (a, 6) crosses edge (3, 5) as 6 is above (3, 5) as shown in Figure 13 . Therefore we still cannot compatibly triangulate the point sets with the given mapping. Finally, the case where we place a to break edge (2, 5) in P and edge (3, 5) in Q is symmetric. Figure 13: To obtain the same cyclic ordering of edges around point 3 in P and Q, we need Steiner point a below (3, 5) in P , causing (a, 6) to cross (3, 5) 
